Abstract. In this paper, after giving a criterion for a Noetherian local ring to be quasi-Gorenstein, we obtain some sufficient conditions for a quasi-Gorenstein ring to be Gorenstein. In the course, we provide a slight generalization of a theorem of Evans and Griffith.
Introduction
Let R be a Noetherian local ring with maximal ideal m and residue field k.
Throughout, we use E R (k) to denote the injective hull of k. Also, for a nonnegative integer i, we use H i m (R) to denote the i-th local cohomology module of R with respect to m. Following [1] , we say that R is a quasi-Gorenstein ring if
In this paper, we investigate quasi-Gorenstein rings in terms of linkage. By the concept of linkage, we mean the complete intersection linkage.
More precisely, for ideals I and J, we say that I is linked to J (written I ∼ J)
if there is an R-sequence x 1 , . . . , x n in I ∩ J such that I = (x 1 , . . . , x n ) : J and J = (x 1 , . . . , x n ) : I.
To begin, using Cohen's structure theorem in conjunction with the linkage theory,
we provide a criterion which shows that the ring R is quasi-Gorenstein if and only if R, the m-adic completion of R, is a certain specialization of a Gorenstein local ring. This enables us to compare (in 2.4) the Gorenstein loci and the Cohen-Macaulay loci of a quasi-Gorenstein ring. The question asking when a quasi-Gorenstein ring is Gorenstein constitutes a lot of interests. In this direction, we use the above mentioned criterion to establish the results 2.5 and 2.7 which provide some sufficient conditions under which a quasi-Gorenstein ring is Gorenstein. Finally, using 2.7 and a theorem of Serre, we provide a slight generalization of a theorem of Evans and Griffith concerning the problem to know when the residue class ring of a height two prime ideal of a certain regular local ring is complete intersection. 
The Results
It is a basic fact that quasi-Gorenstein rings satisfy Serre's condition S 2 . Although this fact has already been proved, but, for the reader's convenience, in the following lemma, we provide a different proof by using local cohomology tools. Following [8] , we say that a proper ideal I in a Noetherian ring is unmixed if the heights of its prime divisors are all equal.
Lemma 2.1. Every quasi-Gorenstein ring satisfies S 2 . In particular, its zero ideal is unmixed.
Proof. Let (R, m, k) be a quasi-Gorenstein ring of dimension n. To prove that R satisfies S 2 , without loss of generality, we can assume that R is complete (cf.
[3, 2.1.16]); so that, by Cohen's structure theorem, there exists a regular local ring S of dimension n ′ such that R ∼ = S/I for some ideal I of S. Now, by Lo- Proof. (⇐) Let R = S/I and assume that m is the maximal ideal of R and that n = dim R. Then R = S/0 : S x ∼ = Sx = 0 : S I ∼ = Hom S (R, S); so that, by Local Duality The next corollary shows that, for a quasi-Gorenstein ring R, the Gorenstein loci (Gor(R)) and the Cohen-Macaulay loci (CM (R)) coincide.
In the course of this paper, for a finitely generated R-module M , r(M ) and µ(M )
will denote the type of M and the minimal number of generators of M , respectively.
Corollary 2.4. Gor(R) = CM (R) whenever R is a quasi-Gorenstein ring.
Proof. For a prime ideal p of R, one can use [8, Theorem 23.2(i) ] to choose a minimal prime q of the ideal p R such that q ∩ R = p. Then we notice that the ring R q /p R q is of dimension 0; so that it is Cohen-Macaulay. This observation in conjunction with [3, 2.1.7 and 3.3.15] enables us to assume that R is complete.
Hence, there are a Gorenstein local ring S and a zero height ideal I of S such that R ∼ = S/I. Therefore, I ∼ Sx for some x ∈ S by 2.2 . Now, in order to prove the assertion, it is enough to show that CM (R) ⊆ Gor(R). To this end, let p ∈ CM (R) and suppose p ′ ∈ Spec(S) is such that p ′ ⊇ I and that p is the image of p ′ under the natural homomorphism S −→ R. Then, R p ∼ = S p ′ /IS p ′ possesses the canonical module Hom S p ′ (R p , S p ′ ) which is isomorphic to 0 : Theorem 2.7. Let S be a local ring and suppose that I is an ideal of S such that S/I is quasi-Gorenstein and that one of the following two conditions holds.
(i) S is Gorenstein and I is almost complete intersection.
(ii) S is regular containing a field and I is of height two.
Then S/I is Gorenstein.
Proof. Assume (i) holds. Considering a maximal S-sequence which constitutes a part of a minimal generating set of I and passing to the residue class ring, we can assume that I = Sy for some y ∈ S and that the height of I is zero. Then, by 2. As an application of the syzygy theorem, Evans and Griffith, in [5, 2.2] , proved, over a regular local ring R which contains a field, that the residue class ring of a height two prime ideal p is complete intersection whenever Ext 2 R (R/p, R) is principal. (Note that this last condition is sufficient for R/p to be quasi-Gorenstein.)
The following corollary is a slight generalization of this result.
The result [12, Proposition 5] of Serre, which indicates that a height two Gorenstein ideal of a regular local ring is complete intersection, in conjunction with 2.7(ii) leads immediately us to the following corollary.
Corollary 2.9. Let S be a regular local ring containing a field and suppose that I is an ideal of height two such that S/I is quasi-Gorenstein. Then I is complete intersection. 
